Abstract. In this work, we consider the superconvergence property of the finite element derivative for Lagrange's and Hermite's Family elements in the one dimensional interpolation problem. We also compare the Barlow points, Gauss points and Superconvergence points in the sense of Taylor's Series, confirming that they are not the same as believed before. We prove a not evident and new superconvergence property of Hermite's basis as well which shows that the centroid is not only a superconvergent for u h but an O(h 5 ) accuracy point.
Introduction
A mathematical argument to prove the existence of points where a higher order accuracy for derivatives exists is implied from the Rolle's theorem or the Mean Value Theorem for derivatives. Let u ∈ C 0 ( I ) and u h be a lagrangian finite element interpolant of u ∈ I . Then, u h (x i ) = u i = u(x i ), i = 0, . . . , k and internally the field u is interpolated as u h (x) = k i=0 L i (x) • u i . Defining the error function as e(x) = u(x) − u h (x) it is a simple algebrism to prove that e(x i ) = 0 , hence, one follows from the Mean Value Theorem that there is at least one point ξ inside I so that e (ξ ) = 0. Starting from this fact, one can #734/07. Received: 11/IX/07. Accepted: 02/V/08.
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interpret the existence of points where the convergence order for derivatives is higher than the usual one. This observation was done by Strang and Fix [12] in the sense of a purely mathematical interpolation problem. What exactly means that the true field u and the interpolated field u h are such that in certain notable points ξ u (ξ ) = u h (ξ ).
(
Naturally, such kind of coincidence depends on the functional space to which the interpolant and exact field belong to. Several arguments and paradigms have been applied to overcome the fundamental problem in the determination of the superconvergent points for derivatives. The central point in this topic is summarized by the fact that the exact solution is unknown or equivalently the functional space to which u belongs to is not known as well. To overcome this, Prathap's paradigm assumes explicitly that the true field u ∈ P k+1 ( I ), therefore, u is a one polynomial order higher than the lagrangian finite element interpolant u h . This hypothesis was also assumed by MacNeal to determine the Barlow Points and to demonstrate that in general Gaussian quadrature rule points do not coincide with the former (see also recent paper by Zhang [16] ). The Gaussian quadrature points are defined as the zeros of the Legendre's Polinomials on [−1, +1] (see Table 1 ).
order n P n (ξ ) of the finite element discretization and k is the spectral order of the interpolation. These facts are well known in the classical finite element interpolation theory and given by the classical estimates in
Generally speaking, the superconvergence is defined as a higher order of convergence which is exhibited by interior points of the finite element solution where the derivative assumes an O(h k+1 ) convergence, thus, one order higher when compared with an O(h k ) of the finite element derivative field. Historically, the higher order accuracy property was first noticed by Barlow [1] and its existence was firstly formulated by Strand and Fix [12] . This concept can be extended to similar properties but referring to O(h k+2 ) convergence and O(h k+3 )
convergence called simply ultraconvergence and hyperconvergence by using systematically the Taylor's Series Theorem [5, 6] . The superconvergence is also linked to the concept of reduced integration and zero energy modes so important in the Finite Element Theory [15] . Even more important, the superconvergence points are of utility as sampling points for the finite element designers in formulations like gradient smoothening or gradient recovery in the sense of The Superconvergent Patch Recovery as sketched by Zienkiewcz [13] . However, the major significance of these points that explains all kind of numerical and analytical studies in this topic refers to its application in adaptive finite element analysis, especially for construction of error indicators based on the recovered gradient or hessian.
The Taylor's series expansion theorem
Limiting the discussion to a one dimensional problem for a discretization with equally spaced nodes and using a lagrangian basis, the finite element interpolant for a given exact function u is written simply as
where u i = u(x i ) is the degree of freedom calculated in the nodal point x i . The functional degree of freedom u i is, then, expanded around a point x inside the element by applying the Taylor's series expansion which can be expressed as
where
. Under these conditions the interpolant u h can be formally differentiated to form
The functional degree of freedom is, then, expanded around an arbitrary point x inside the element by applying the Taylor's Series Expansion and, hence, the derivative field u h is written in the form
After deriving the partition unity identity for Lagrange's Shape Function Basis one obtains
where Defining the exact error in the derivative field as e (x) = |u (x) − u h (x)| and noting that all terms vanish until the order k by applying the completeness properties of Lagrange's Basis then [3] 
By using the generalized triangular inequality, the error expression e (x) allows us to define a consistent superconvergence concept by using the equivalence binary relation
p ∈ N is the spectral order of the lagrangian element. Hence, the existence of superconvergent points for the first order derivative consist of the points x inside the element where the exact error expression satisfies the superconvergence condition given by |u
Definition of superconvergent points
By a superconvergent point x for u h , one understands a point such as
The function s k (x) will be hereinafter referred to as superconvergence function or zero-error mode for a derivative field u (x)h. Similarly, one can define the ultraconvergent points and hyperconvergent points for the derivative field u h .
Definition of ultraconvergent points
By a ultraconvergent point x for u h , one understands a point such as
Definition of hyperconvergent points
Hence, starting from a Lagrange's Family element interpolant which derivative is calculated by differentiating the interpolant, a set of superconvergent points for the first order derivative is, then, obtained by calculating the zeros of the superconvergence function s k (x). Interestingly, the superconvergence function s k (x) can be expressed simply as the following polynomial
after using all completeness properties of Lagrange's basis, where
is the Lagrange's Basis, k is the spectral order of the interpolation and x is the coordinate of an arbitrary point inside the reference element. If the symbolic software, Mathematica, is used a remarkable set of points can be calculated analytically which are the zeros of Legendre polynomials and, hence, the Gaussian quadrature points but not for higher spectral order as inferred from Table 1 . It's important to emphasize that the completeness property of the Lagrange's basis is fundamental in order to simplify the deduction by applying the ideas firstly discussed by Carey [3] . Basically, the completeness consists of several identities that depend on the degree of lagrangian basis function. The fundamental expression in terms of completeness property represents the partition of unity and is written as
Similarly, expressions like the previous one can be proved but their number restricts their citation (see reference [3] and references therein). Table 1 . Similarly, the Gauss-Legendre polynomials P n (x) are plotted against the x-coordinate in Figure 2 for n = 1, 2, 3, 4, 5. It is then obvious that, by comparing Figure 1 and Figure 2 , the fact notified by Prathap that the Gauss points may or may not coincide with the Barlow points especially for higher order elements.
Comparison of Figure 1 and Figure 2 shows that the curves s k (x) and P n (x) are similar qualitatively both in shape and number of zeros whenever k = n although significantly different in terms of quantification as observed from the algebraic expressions for s k (x) and P n (x), summarized in Table 1 and Table 2 . The ultraconvergence functions u k (x) for the derivative field are listed in Table 3 . These functions do not coincide with the superconvergence functions for the case of k = 1, 2, 3, 4, 5 as summarized in Table 2 . By comparing the zeros of u k and s k (see Table 4 and Table 5 ) one can conclude that an O(h k+2 ) convergence is impossible to happen mathematically with a straightforward application of the Taylor's Series paradigm. Therefore, the ultraconvergence phenomenon as notified by Zienkiewicz in his numerical experiments are believed to be a numerical coincidence (see reference [13] ). It is important to comment the existence of purely imaginary ultraconvergent zeros as one can infer from Table 4 . It is not a simple matter of interpreting the significance of such kind of points in terms of numerical convergence. Note also that the centroid is a ultraconvergent point for quadratic, cubic and quartic lagrangian elements, unlike in the case of k = 1 and k = 5. This can explain consistently the usual choice of the geometric center of the element as the natural sampling point for the calculation of the gradient finite element designers.
Superconvergence invariance
Let x = G(ξ ) be a geometric transformation from the reference element onto a lagrangian finite element with nodes
Assuming that the set of nodes is equally spaced the isoparametric mapping x = G(ξ ) is defined Table 4 -Zeros of the ultraconvergence function for u h .
k Superconvergent points Gauss points
= ±0.33998, ±0.861136
= ±0.53846, ±0.90617 Table 5 -Numerical values of superconvergent points and Gauss points.
simply as
By a simple algebrism one can express the transformation above for a linear lagrangian element as x = x 0 +x 1 2
ξ. Similarly, for a quadratic lagrangian element the mapping becomes simply
Noting that by hypothesis the nodes are equally spaced then the quadratic term vanishes and thus, for k = 2,
ξ . Analogously, for k = 3 the isoparametric transformation is expressed as
Hence, after applying the assumption of equally spaced nodes within a cubic element, one obtains
For a quartic lagrangian element the isoparametric mapping is of the form
Again, with a uniform distribution of nodes within the element, the isoparametric transformation can be expressed as
The explicit analytical expression for the isoparametric mapping corresponding to a quintic lagrangian element can also be deduced which is represented by the polynomial
,
= 0,
It's simple to verify that the coefficients of higher degree are identically null under the nodal uniformity condition, thus, the mapping above has its linear part reduced to the affine map
Starting from a uniformity condition of nodal distribution inside the one dimensional lagrangian element, having nodal points
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where h = x i − x i−1 and after expanding
one can prove that all higher degree, nonlinear terms vanish. Generalizing by induction the isoparametric mapping is simply the affine mapping
where x is the geometric centroid of the element, J x = h x /2 is the jacobian of the transformation and h x is the length of the element. Therefore, if equally spaced nodes are used the isoparametric mapping can be expressed as an affine transformation which is obviously bijective and thus invertible. In this particular case, the set of superconvergent points
In conclusion, whenever the nodes are uniformly distributed the isoparametric mapping is an affine transformation and under this condition the number of zeros for s k (x) is equal to those for (s k • G −1 )(x). It means that the superconvergent points are preserved on a general uniform element.
In this section, we analyse the question of the invariance of the superconvergence properties if the nodal points are not equally spaced inside the element. In order to study the variation of the superconvergent coordinates inside the reference element a single node can move freely while all remainders are kept on fixed.
The consistence of formulas can also be applied to explain the coincidence between the Barlow points and Gaussian quadrature points for linear elements in 1D with nodes x 0 and x 1 . In this particular case, the superconvergent points are simply the zero of the superconvergence function
Obviously, the zero is the centroid of the element which coincides exactly with the Gauss quadrature point obtained by calculating the zero of the Legendre's polynomial over the reference element [−1, +1]. One can reproduce exactly the superconvergence function for a two node element by comparing the former with the Legendre's polynomial written in the form
for n = 0 and determining the zeros of P n+1
Let us consider a three node one dimensional element. Assuming that the midpoint x 1 is free the superconvergence function s 2 (x) is written as
If the nodal points are equally spaced inside the element this polynomial coincides with the Legendre polynomial where a 2 (x 1 ) = 3, a 1 (x 1 ) = 0, a 0 (x 1 ) = −1, which zeros are the Gaussian quadrature points. However, if the midpoint is randomly positioned inside the element, then, the superconvergence function is
Therefore, the polynomial coefficients are not invariant under a coordinate changing of the nodal points. Such counter-example shows clearly that the superconvergent points position may vary inside the element for an arbitrary element with randomly distributed nodes. Similar calculations can be performed for a four nodes one dimensional element by assuming, without limitation of generality, that x 1 and x 2 are varying freely under the symmetric configuration of nodes expressed as x 1 = −x 2 while the end nodes are fixed and set to be x 0 = −1 and x 3 = +1. In this case, the superconvergence function is written in the form
By comparing the superconvergence function s 3 (x) for a cubic element with a Legendre's polynomial of third degree which zeros are calculated from 5x 3 − 3x = 0, one can infer that the zeros of s 3 (x) reproduce exactly the Barlow points, setting x 1 = −x 2 = −1/3 as illustrated in Table 1 . Let us now assume that the nodal configuration inside a five nodes one dimensional element permits x 1 and x 3 vary freely while x 0 = −1, x 4 = +1. To simplify the algebrism, it is assumed that x 1 and x 3 are symmetrically placed, thus, x 1 = −x 3 . After substituting all completeness properties for a quartic element and the imposed symmetry condition, the superconvergence function up to a signal is written as
For the purpose of expressing the superconvergence function s 5 (x) in terms of a single free node let us enforce the symmetry condition x 2 = −x 3 for a six nodes lagrangian finite element. Using this condition, the s 5 (x) becomes
Firstly, this confirms one more time that the coefficients depend on, in general, the nodal coordinates. In conclusion, the superconvergence function is not invariant for a configuration of randomly distributed nodes inside the element.
In fact, MacNeal [4] found out that Gaussian quadrature points and Barlow points are coincident for lower order elements whereas it is not true for higher order elements as illustrated in Table 1 . Similarly, Prathap [10] showed how to determine the Barlow points from a variational basis and from the Taylor's Series approach it is also possible to work out that for not equally spaced nodes inside the element, in general, the superconvergence point can change its coordinate.
The Hermitian Basis
For the purpose of calculating optimal points x in case of a Hermitian Basis H i (x), i = 0, 1, 2, 3, the hermitian interpolant is assumed to be the linear combination
By deriving the equation (29), one follows that
Expanding the degree of freedom u 0 , u 1 , u 0 , u 1 with h x 0 = x 0 − x e h x 1 = x 1 − x around the x one obtains
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After substituting equations (31), (32), (33), (34) in equation (29), u h (x) takes the form
Rearranging the terms in the equation (35), the resulting equation is then 
It is a simple algebrism to prove that the identity I 1 in equation (36) is null since that Hermite shape functions satisfy H 0 (x) + H 1 (x) = 1 that implies H 0 (x) + H 1 (x) = 0 after deriving in x. Substituting the expressions for h x 0 and h x 1 the identity I 2 in (36) becomes
Noting that the wronskian of the Hermite's shape functions is not zero then set
is a basis therefore, combining with the completeness property one follows that
Following the arguments above let us prove that the coefficient I 3 below
is identically null. To do this note initially that H 0 (x) + H 1 (x) = 0 and hence I 3 is given by
Starting from the analogous arguments and hypothesis it is possible to demonstrate the nulling of the coefficient I 4 in (36) expressed as
By using the Hermitian basis properties in equation (42), one obtains
that implies I 4 = 0. Surprisingly, the coefficient I 5 as defined in equation (36) is not identically null and it becomes after simplification
Assuming that u ∈ C 5 (Î ) then an O(h 5 ) convergence is obtained at the points where I 5 (x) = 0, thus, the optimal points are x = 0, ±1. Obviously, these points are exactly the nodal points where not only the nodal values u 0 and u 1 are coincident but also the derivative values u 0 and u 1 . As expected, the centroid is an optimal point, exhibiting an O(h k+2 ) convergence, therefore, it is an ultracovergent point if Hermite's finite elements are used since k = 3 in this particular case. Hence, Hermite's basis shows higher accuracy when compared with the Lagrange's finite element for which the centroid is only superconvergent while the former is ultraconvergent. It makes sense then that the superconvergence phenomenon depends on the basis selected.
Barlow points for one dimensional Lagrange's elements
The Barlow's Method [2] for computing the optimal points usually assumes that the exact polynomial displacement field is one order higher than that of the finite element field. The arbitrariness of this assumption is necessary in order to derive the coordinates of the optimal points in the sense of Barlow since the exact field is unknown for the real world problems. Starting from the finite element displacement field written as u = Nu n which in a polynomial form is expressed as
where N is the shape function matrix, p(x) t is a matrix of monomial terms, and a is a vector of generalized parameters, after substituting the nodal co-ordinates of the element for x in equation (45), the nodal displacement, u n , can be expressed as
where P is a matrix defined as P = p(x 1 ), . . . , p(x n ) t where n is the number of nodes in the finite element, x i are the nodal point co-ordinate vectors. If the element geometry is such that the inverse of P exists, then, the equation (46) is rewritten as
From equations (45) and (47) follows that
Now let the exact displacement field be expressed as u = p(x)x in equation (49), one obtains
From equations (45) and (49), the finite element strain and exact strain field are expressed as
where L is a differential operator matrix. Using equation (48) 
The error in the stress, e σ , with the Barlow's hypothesis that u n = u n , is calculated by
Since c is an arbitrary constant, the Barlow Points are given by the zeros of the nonlinear vector equation
Linear elements
Using the linear lagrangian element, Equations (45), (46), (47) and (48) yield to
Obviously, x 1 = x 2 , then P −1 exists. Assuming that the exact field is one order higher than the linear finite element interpolant, then equation (49) gives Thus, the Barlow point for a two-noded lagrangian element coincides with the centroid of the element.
Quadratic elements
Following the same procedure one has
Putting in the form of equation (49) one obtains
Hence, by deriving the exact displacement field
and substituting into the stress error e σ given by the equation (54), one obtains
Cubic elements
In case of cubic lagrangian finite element from equations (45), (46), (47) and (48) follows that
Using the equation (49) follows that
Deriving the exact displacement field given below
and substituting into the stress error expression given by (54), then
Fourth order elements
Similarly, for fourth order lagrangian finite element from equations (45), (46), (47) and (48) follows that 
Calculating u h in each node and expressing it in both basis, it turns out that u n = Pa ⇒ a = P −1 • u n . But the Vandermonde's matrix P numerical coincidence since the zeros of the superconvergence and ultraconvergence function are different in general if a Lagrange's Basis is used. In case of Hermitian basis, the centroid shows an O(h 5 ) convergence in the sense of Taylor Expansion, confirming that the center of the element is still the optimal position to calculate the derivative and more importantly a higher accuracy is also obtained from Hermitian finite element interpolants. Two further points need to be discussed. The first is the invertibility of the isoparametric mapping which is related to the existence of superconvergent points if distorted and higher order elements are used. The natural question is now directed to the geometric transformation under which the reference element is mapped onto an arbitrary, general element. What assumptions should be imposed to the geometric mapping x = F(ξ ) in order to keep on the superconvergent point? In summary, what kind of geometric transformation can preserve the set of superconvergent points inside the element? It is a particularly important point since in finite element applications the mesh refinement leads to varying valence discretizations and several error indicators are based on gradient recovery and sampling superconvergent points [14] . The second point is that for higher spatial dimensions the complexity is seriously higher since the set of superconvergent points represents a superconvergence curve in 2D case or a superconvergence surface in 3D case. These topics will be considered in further discussion.
